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Abstract. We use curvature decompositions to construct generating sets for 
the space of algebraic curvature tensors and for the space of tensors with the 
same symmetries as those of a torsion free, Ricci symmetric connection; the 
latter naturally appear in relative hypersurface theory. 



1. Introduction 

Let 1^ be a real vector space of dimension to; to simplify the discussion, we shall 
assume that to > 4 henceforth; similar results hold in dimensions to = 2 and to = 3. 
In Section[51 we discuss the space of curvature operators U{{V) C (S>^V* (8) End(F). 
These are operators with the same symmetries as those of the curvature operator 
of a torsion free connection on the tangent bundle of a smooth manifold. One has 
that TZ G dl(V) if and only if for all x,y, z G V, 

(l.a) TZ{x,y)z = —TZ{y,x)z and 

(l.b) TL{x,y)z + TZ{y, z)x + TZ(z,x)y ~ Q . 

Equation (jl.bp is called the first Bianchi identity. We have, see for example 
Strichartz [7j, that 

dim7^(y) = im2(m2 - 1) . 

In Section 131 we discuss the space of algebraic curvature tensors a{V) C ^"^V*. 
This is the space of tensors with the same symmetries as that of the curvature tensor 
defined by the Levi-Civita connection of a pseudo-Riemannian metric; A G ci(V) if 
and only if for all x, y, z,w £ V, 

(l.c) A{x,y,z,w) = -A{y,x,z,w), 

(l.d) A{x, y, z, w) + A{y, z, x, w) + A{z, x, y, w) = 0, 

(l.e) A{x,y,z,w) = A{z,w,x,y), 

(l.f) A{x,y,z,w) ^ ~A{x,y,w,z) . 

We shall show in Theorem 13.21 that identities (|l.e|l and ljl.f|l are equivalent in the 
presence of identities (|l.c|l and ljl.d|) . One has, see for example Strichartz [7], that: 

dim{a(F)} = -jfSl^ . 

If 7<^ G '0\{V), it is natural to consider the traces: 



Tr{z -H. TZ{z, x)y}, 
Tr{z TZ(x,z)y}, 
Tr{z TZ{x, y)z} . 



Pl4(7^)(a;,y) 

(l.g) P2i{n){x,y) 
Pii{n){x,y) 

The identities of Equations (|l.a|l and (|l.b|l show that: 

P2i{Ti) = -pii{Tl) and 

P34(7e)(x,y) = -pii{Tl){x,y) + pi4{TZ){y,x) . 
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In Section^ we discuss the afSne curvature operators ^{V) C 5H(y). These are 
the operators with the same symmetries as those of an affine connection without 
torsion; G S{V) if and only if for all x,y, z G V, 



(l.i) J^{x,y)z ^ -T{y,x)z, 

(l.j) J^{x,y)z + J='{y,z)x + J='{z,x)y = 0, 

(l.k) pi4{T){x,y) ^ pi4{T)(y,x), 

(1.1) p34ir) = o. 



By Equation ll.h|l , Equations Ijl.kp and ljl.l(l are equivalent in the presence of Equa- 
tions Ijl.ip and thus these are the symmetries of the curvature operator of a 
torsion free, Ricci symmetric connection on the tangent bundle of a smooth man- 
ifold. Such curvature operators appear naturally as curvature operators of the 
induced and of the conormal connections in relative hypersurface theory; see 

The natural structure group of the spaces a(V^), and d{V) is the general 

linear group GL{V). Let 0{V, (•, •)) be the orthogonal group associated to a non- 
degenerate symmetric bilinear form (•, •) G S'^(V*) of signature {p, q) on V. We can 
use (■, •) to raise and lower indices and define an 0{V, (■, •)) equivariant identification 
between iSi^V* and ®^V"* End(F) by means of the identity: 

(l.m) R{x,y,z,w) ^ {n{x,y)z,w) . 

We let 

v{V) C (g>'^V* , (•,•>) C ®V* ®End(T^), f{V, {■,■)) C (g>'^V* 

be the subspaces associated to ^{V), a{V), and d{V), respectively; R G x{V) if and 
only if for all x, y, z, w G V, one has 

R{x, y, z, w) = ~R{y, x, z, w), 

R{x, y, z, w) + R{y, z, x, w) + R{z, x,y,w) = . 

We have A G 2l(y, (•, •)) if and only if for all x^y,z,w one has: 

■^{.x,y) = ~A{y,x), 

A{x, y)z + A{y, z)x + A{z, x)y = 0, 

{A{x,y)z,w) = {A{z,w)x,y), 

{A{x, y)z, w) = -{A{x, y)w, z), 

the last two identities being equivalent in the presence of the first two. Finally 
F G f(V, (•, •)) if and only if for all x,y,z,w ^ V one has: 



(l.n) F{x, y, z, w) = ~F{y, z, x, w), 

(l.o) F{x, y, z, w) + F{y, z, x, w) + F{z, x, y, w) = 0, 

(1-P) Pi4{F){x, y) = pi4{F){y, x), 

(l.q) (id®Tr)i^ = 0. 



Again, identities p.p| | and p.q| ) are equivalent given the identities of Equations 
(|l.n|l and (|l.o|l . 

The spaces 2l(F, (•,•)) and f{V, (•,•)) depend upon the choice of the inner product; 
the space x:{V) does not. Thus it is convenient to keep the distinction between 
subspaces of ®'^V* ® End(y) and ^"^V*; this will play a crucial role in the proof of 
Theorem lO The spaces V\(y), 21(F), and ^(V) are subspaces of (gj'^V* (g)End{V); 
elements of these spaces will be denoted by TZ, A, and respectively, and are 
operator valued bihnear forms. The spaces v{V), a{V), and f(F) are subspaces of 
(E'^y*; elements of these spaces will be denoted by R, A, and F, respectively, and 
are quadralinear forms. We have the inclusions: 

2i(F, (•,•)) c nv) c m{v), 

aiV) c f(F, (•,•)) c v{V). 
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Let {ej be a basis for V. If -0 G (E)'^V* and if 9 £ set 
ipij := 'ip{ei,ej) and Sij-fc; := e(ej, e^, e^, e;) . 
Let {e*} be the associated dual basis for V*. Then 

V' = EjjV'jje'0e^' and 6 = X;.y7ci V'ijfcze' ® e-'' (g) e*^ ® e' . 
If (•, •) is a non-degenerate inner product on V, let 
(l.r) Sy:=(e,,ej) and Y^j-^^jk^S'l 

where 6 is the Kronecker symbol. One then has: 

J2^■i S'-' {x, e^)ej = X and TrjV'} = V-ii • 

We shall decompose the natural action of GL{V) and of 0{V, (•, •)) on the spaces 
9l(V'), a(F), and ^{V) as the direct sum of irreducible modules and use these de- 
compositions to exhibit generating sets for these spaces and to derive other natural 
geometric properties. 

Our motivation in this paper is to study afhne curvature operators; as already 
stated above, these are the curvature operators which naturally appear as curvature 
operators of the induced and of the conormal connections in relative hypersurface 
theory. Moreover, in this situation, there naturally appears a metric, the so called 
relative metric, which permits us to raise and lower indices. Our aim is a char- 
acterization of the affine curvature operators, arising from torsion free and Ricci 
symmetric connections, in the space of all curvature operators arising from torsion 
free connections. Via the decomposition results of Section 0] these are character- 
ized by the vanishing of the component W3. We will study the geometric meaning 
of the various components in this decomposition, at least in the case of relative 
hypersurfaces, in a subsequent paper. 

2. Curvature Operators 

In this section, we study operators with the same symmetries as those of a torsion 
free connection on the tangent bundle of a smooth manifold. 

2.1. Geometric representability of curvature operators. If V is a torsion free 
connection on the tangent bundle of a smooth manifold A/, let 7?.^ be the associated 
curvature operator; if P G Af and if x,y, z TpM , then 

Uj {x,y)z :^ { Vx Vj^ - Vy Va; - y[x,y] } z . 

One then has TZj, £ m{TpM) since the symmetries of Equations (|l.a() and ljl.b|) 
hold. Conversely, every curvature operator is geometrically representable by an 
torsion free connection: 

Theorem 2.1. Let TZ G EH(T^) be given. Regard V as a smooth manifold in its own 
right. Let he the origin of V and identify TqV — V . Then there exists a torsion 
free connection 'V on V so that TZq — TZ. 

Proof. Let TZ G ^{V). Expand TZ{ei, ej)ek — J2i Rijk^i relative to some basis {e^} 
for V. Let {xi} be the associated dual coordinates; if e G F, then e = '^^Xi{e)ei. 
Define a connection V on TV by setting 

Va..„a,, := EdTab'^S,, for Tab'' ■= -\ Tc^dTlacb'' + TZbc/} ■ 

Since Vq^^Ox^ — Va^ dx^, V is torsion free. As r(0) = 0, 

TZ^{dx,,dx^)dx, = Eiid^^^jk' -dxT,k')dx, 

~ ~ 3 i^nfc ~^ ^^kij ^^ijk '^kji ^^xi 

This completes the proof of the desired result. □ 
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2.2. The Jacobi operator. This operator is defined by setting: 

JTi{x)y TZ{y,x)x. 

It plays a central role in the study of geodesic sprays. The following result is known 
in the context of Riemannian geometry; it extends easily to the more general setting. 

Lemma 2.2. Let 7^ e 9\{V). If Jn = 0, then 7^ = 0. 

Proof. J-r{x) is quadratic in x. The associated bilinear form is given by 

Jn{x, y) : z ^ ^{deJnix + ey)}z\^=o = ^{TZ{z, x)y + 7^(z, y)x} . 
If Jizix) ~ for all x ^ one has the additional curvature symmetry 

7?.(z, x)y + y)x — 
for all x,y,z G V. We compute: 

— Ti{x,y)z + TZ{y, z)x + Tl{z, x)y 
= 'JZ{x,y)z -TZ{y,x)z -n{x,z)y 
— TZ{x,y)z + TZ{x,y)z + TZ{x,y)z . 
The Lemma now follows. □ 

2.3. The action of the general Hnear group on ^{V). This action is not 
irreducible, but decomposes as the direct sum of irreducible modules. Let 

(2.a) := ker{pi4} n ^{V) . 

The decomposition V* ®V* ^ h?{V*) ® S'^{V*) is a GL{V) equivariant decom- 
position of V* ® V* into irreducible modules; we let tTq and tTs be the appropriate 
projections where 

(2.b) TTaWij ■= lilpi] -i^ji) and Trs{il^)ij := ^(■(/'y + ipji) ■ 

We may therefore decompose pu = ttq o pn © tt^ o pi4 where pi4 is as defined in 
Equation | |l.g| |. One has the following result of Strichartz [7j: 

Theorem 2.3. The map pu defines a GL{V) equivariant short exact sequence 

ii{v) miv)-^A\v*) © s^v*) ^ 

which is equivariantly split by the map cr^„opi4 ©cr7r,opi4 where 

<^^^opu{^){x,y)z = j=:^{2uj{x,y)z + uj{x, z)y - uj{y, z)x} for uj £ A'^{V*), 
<^7r,opii{^){x,y)z = j^{ip{x, z)y - iljiy, z)x} forip £ S'^{V*). 

This gives a GL{V) equivariant decomposition of 

as the direct sum of irreducible GL{V) modules. We have 

dim{ii(T/)} = im2(m2 - 4), dim{A2(T/*)} = ^m{m - 1), 
dim{S'2(T/*)} = im(m + 1), dim{9^(F)} = \n?{n? - 1) . 

Proof. We check the splitting as follows. If a; G A^(T^*), let 7?.^ := a^^^opxA'^^- 
Then TZui{x,y) = —TZc^{y,x). We check the Bianchi identity by computing: 

Tluj{x,y)z + 7?.w(?/, 2;)a; + TZu,{z,x)y = Yqi-{2a;(a;, y)z + z)?/ - z)a; 
+2a;(y, z)a; + uj{y, x)z — uj{z, x)y +2u}{z, x)y + — uj{x, y)z} 

= 0. 

Thus e One also has that: 

Pii{'R-u,){y-, z) = Y.Z e'{2uj{e,, y)z + cj(e,, z)y - Lj{y, z)e^} 
= TT^{2t^(^' y) + ^(y' ^) - muj{y, z)} = uj{y, z). 
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Let i/i e S'^iV*) and let TZ^f, = cr^^op^i'ip)- Again, TZ^{x,y) = -TZ^{y,x). We 
verify the Bianchi identity by computing: 

TZti,{x,y)z + TZ^{y, z)x + TZ^{z,x)y 

= T^ii'ix, z)y - il){y, z)x + V^y, x)z - ^{z, x)y + il;{z, y)x - i/^ix, y)z} 
= 0. 

This shows that TZ^ G D\{V). Furthermore: 

Pi4{T^4,){y, z) = e'i^iei, z)y - ■0(y, z)ei} 

= r^lV-Cy, z) - mip{y, z)} = ipiy, z). 

Consequently one has an equivariant decomposition of y{{V) into GL{V) modules: 

SK(F) = <d{V) © k^{V*) e s'^iv*) . 

We refer to V!\ for the proof of the remaining assertions of the Theorem. □ 

We say that two torsion free connections V and V on a differentiable mani- 
fold M are projectively equivalent if and only if every every geodesic for V can 
be reparametrized to be a geodesic for V, or equivalently if there exists a smooth 
1-form uj so 

V:ry - '^xy = uj{x)y + uj{y)x . 
The summand il(V^) plays the role of the Weyl projective tensor; it also plays a 
role in the affine setting as we shall see presently in Theorem 14.11 Let ttu be the 
associated projection on this summand in the decomposition of Thcorcm l2.3l One 
has 00 E): 

Lemma 2.4. Let V and V be torsion free connections on M . 

(1) //V and V are projectively equivalent, then ttuTZ = ttuTZ. 

(2) The connection V is projectively flat if and only if ttuTZ = 0. 

2.4. The action of the orthogonal group on dKV). The associated orthogonal 
group 0{V, (•, •)) acts on D\{V) and on r(y); the natural map from D\{V) to t{V) 
given by Equation Hl.m|l is an equivariant isomorphism. Let S be as in Equation 
(|l.r|l . We define: 

A^{V*) := {lj e &)^V* : uj,, = -w,,}, 

SUV\ (•, •)) := e (^^V* : = = 0}, 

tv{V, (•,•)) := {6 e CS>*V* : Q^^ki + Q,ka + Qk^ol - 0, 

Qijkl = —Qjikl = 'dkUj,J2il "^^^^ijkl = 0}, 

A^{K^{V*)) := {6 e ®^V* : Q.^m = -QJ^kl = ^Q^ik = -QkUj], 

Al{K\V*)) {e e A2(A2(T/*)) : E.zS^'©..^ = 0}, 

6(F, (•, ■)) := {9 G ®V* : 6,,^; = ~Q,m - 0»ja-,E»i 2"e,,fei = 0, 

Note that A2(A2(\/*)), Kl{K^{V*)), and 6(F, (•, •)) are not subsets of a{V). 
Theorem 2.5. 

(1) There is an 0(V, (•, •)) equivariant orthogonal decomposition of 

n{v)Kx{v) = Wi® -^w?, 

as the direct sum of irreducible 0{V, {■, •)) modules where: 

dim{Wi} = 1, dim{M^2} = dimll^s} = 

dim{W3} = dim{W4} = Ifcil, dim{We} = ^ 
dimlT^r} = ('"-i)('"-2K"'+i)("^+4) ^ dim{W^8} = '"("-i)('^-3)('"+2) , 

(2) There are the following isomorphisms as 0{{-,-)) modules: 
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(a) Wi wR, W2 ~W5 ^ S^iV*, (•, •)), and W3 « W4 « A'^{V*). 

(b) Wg ~ fo(y, (•, ■)) is the space of Weyl conformal curvature tensors. 

(c) Wv « e{V, (•, •)) and Ws « Al{A^{V*)). 

We refer to Bokan (Ij for the proof of Assertion (1) in the context of a positive 
definite inner product; it extends immediately to the indefinite inner products. We 
will prove Assertion (2a) later in this section. We will prove Assertion (2b) in 
Section 131 We will prove Assertion (2c) in Section 0] 

Remark 2.6. Since W2 and are isomorphic as 0{V, (■, •)) modules and since 
W3 and W4 are isomorphic as 0{V, (■, •)) modules, the decomposition of ^{V) into 
irreducible module summands is not unique; this fact plays an important role in 
the analysis of Bokan [Q. 

We shall need a technical result before proving Theorem l2.5l f2'). We use Equation 
(|l.mf) to lower indices and to define a curvature tensor R associated to a curvature 
operator TZ. Let S be as in Equation Hl.r|l . Then: 

pi4,{R){x,y) ■.= J2tj'^'^R{et,x,y,ej), p2z{R){x,y) -.^J^ij'^'^ Ri^^e^,ej,y), 
P2i{R){x,y) ■.= J2^^E'^R{x,e„y,ej), pi3{R){x,y) := X^jj ^'^^(e*, a;, e^-, y), 
P34{R){x,y) :== '^'^R{x,y,e.i,ej) = -pii{R){x,y) + pii{R){y,x) . 

There is an 0(V, (•, •)) equivariant decomposition: 

V*(g)V* = A^{V*) ® S^{V*, (•, •)) ® R 

where Sq{V*, (■, •)) is the space of trace free symmetric bilinear forms, and where 
M is the trivial 0{V, (•, ■}) module. If tTq, ttq, and r are the associated orthogonal 
projections, then 



(2.C) 



TTaWix, y) := \{tp{x, y) - ip{y, x)}, 
'^s{ip){x,y) :== ^{ipix^y) +ip{y,x)}, 

T^o{ip)(x,y) := TTs{il;){x,y) - ■^t{iIj){-, ■ 



There is only one non-trivial scalar curvature arising from R £ ^{V) since 

r{pi4{R)) = E^Jkl S^'S^''=i?(e„e,,efc,e,) = T{p23iR)) = -t{p2a{R)), 
r{pMiR)) = E^Jkl S^^S'='i?(e„ e„ e,., e,) = . 

If V e SiiV*, (•, •)) and iiuje A^{V*), let: 



<J2{tp){x,y,z,w) 
<^3{i^){x,y,z,w) 
a4{uj){x,y,z,w) 



^'ijj{x,w){y,z) -'ijj{y,w){x,z), 

= {x,'w)il;{y,z) ~ {y,w)ip{x,z), 

= '2^{x,y){z,w) +u;{x,z){y,w) - uj{y, z){x,w), 

= u;{x,w){y,z) - uj{y,w){x, z) . 



Lemma 2.7. 



(1) (Ji and (72 are 0{V, (■,■)) equivariant maps from S'q (V*, (•, •)) to v{V), (T3 
and (74 are 0(V, (•, •)) equivariant maps from A'^{V*) to ^{V), and 

Pi4 o (Ti P23 o CTi \ _ / - id (m - 1) id 

pi4 o (T2 P23 o ^2 / \^ (TO-l)id -id 

P3i°o-3\^f -3 id 2(r7i+l)id 
pi3 o (74 P34 o (74 I I (1 — m) id 2 id 
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(2) We have 0{V, {■, •)) equivariant sequences which are equivariantly split: 
T o : x{V) ^ R ^ 0, 

no o e TTo o : t{V) ^ S^{V*, {-, ■)) S^{V*, {-, ■)) ^ 0, 

TTa O pi3 e TTa O ^34 : r(y) ^ A2(y*) A2(y*) ^ . 

Proof. Let V G S'2(V*, (•, ■)) and let oj G A2(y*). Set Ri := cri(i/.), i?2 := 0-2 
■R3 c''3(a;), and R4 := (74(0;). It is immediate Ri{x,y, Zjw) = —Ri{y,x,z,w). To 
show that Ri e t{V), we must verify the first Bianchi identity is satisfied: 

Ri{x,y,z,w) + Ri [y, z,x,w)+Ri {z, x,y,w) 

= ^{x, w){y, z) - il;{y, w){x, z) 
+ip{y,w){z,x) -ip{z,w){y,x) 
+tp{z, w){x, y) - tp{x, w){z, y) = 0, 

R2{x, y, z, w) + R2{y, z, x, w) + R2{z, x, y, w) 

= {x,w)il;{y,z) - {y,w)il){x,z) 
+ {y,w)ip{z,x) - {z,w)ijj{y,x) 
+{z,w)ilj{x,y) - {x,w)ilj{z,y) = 0, 

Rsix, y, z, w) + Raiy, z, x, w) + Raiz, x, y, w) 
= '^^{x,y){z,w) +uj{x,z){y,w) - uj{y,z){x,w) 
+2u>{y,z){x,'w) +u}{y,x){z,w) - w{z,x){y,w) 
+2u{z, x){y, w) + w{z, y){x, w) - uj{x, y){z, w) = 0, 

R4{x, y, z, w) + Ri{y, z, x, w) + R4{z, x, y, w) 
= Lu{x, w){y, z) — Lo{y, w){x, z) 
+(jj{y, w){z, x) - oj{z, w)(y, x) 
+u){z,w){x,y) -w{x,w){z,y) = 0. 

We complete the proof of Assertion (1) by computing: 

Pii{Ri){y, z) = Y,ij S'^'iV-Cei, ej){y, z) - i){y, ej){ei, z)} 
= ritp){y, z) - tp{y, z) = -i){y, z), 

P23{Ri){x, w) = J2ij S'-'{V'(a;, w){ei, ej) - ij){ei, w){x, ej)} 

Pi4{R2)Hy^z) = E*jS'H(ei,ej>V'(2/,2;) - {y,ej)i){ei, z)} 
= (m - l)il){y,z), 

P23{R2){x,w) =J2ij^''{{x,w)-ip{ei,ej) - (e^, e^)} 
= t{iP){x,w) — 'ij){x,w) = —tp{x,w), 

Pi3{R3){y,w) = X;ijS'^'{2a;(ei,y)(ej,u;) +a;(ei,ej)(y,u;) - uj{y,ej){ei,w) 

= -3uj{y,w), 

Pm{R3){x,v) = ^'H2uj{x,y){ei,ej) +uj{x,ei){y,ej) - uj{y,ei){x,ei) 

= 2(m + 1)0^(2;, y), 

Pi3(^4)(y,w) =J2tj'^'^{^{et,w){y,ej) - uj{y,w){e^,ej)} = {1 - m)uj{y,w), 
pzA{R4){x,y) = Y.tj '^'^{^{x,ej){y,e^) - uj{y,ej){x,e^)} = 2u){x,y). 
We now prove Assertion (2). We show the first sequence splits by computing: 

TO(m-l)'''(''l4(o'i(-, •))) = rn{m-l) ^ijkl ^^'■^^'^{"ii^jfe ~ ^ik^jl} 

As the determinants of the two coefficient matrices in Assertion (1) are non-zero, 
the desired splitting of the second and of the third sequences follows. □ 
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Proof of Theorem\K^ (2a). By Lemma R has multiplicity 1, Sl{V* , {■, •)) has 
multiplicity 2, and A^(F*) has multiplicity 2 in the decomposition of r(V^) as an 
0((-, •)) module. These modules are irreducible and 

dim{M} = 1, dim{S^{V*, (■, •))} ^ (n^^Dlni+ll ^ dim{A2(F*)} = ^^^^^ . 

Theorem 12. 51 (2a) now follows from Theorem 12. 51 fl). □ 

3. Algebraic Curvature Tensors 

In this section, we study the quadralinear forms with the same symmetries as 
those of the Levi-Civita connection of a pseudo-Riemannian manifold. 

3.1. The action of the general linear group on a{V). 

Theorem 3.1. a{V) is an irreducible GL{V) module. 

We postpone the proof of this result until Section as we must first establish 
some additional notation. 

3.2. The action of 0{V, {■, •)) on a{V). Let 

(3. a) (id(g)7rs)(i?)(a;, J/, z,w) ^{R{x,y, z,w) + R{x,y,w,z)} for R S r:{V) . 

If (/jj^/j e S'^{V*), one can define an algebraic curvature tensor (f> Atp ^ fi(^) by: 

C3^jN {0A?/'}(x,y,z,w) := ^{(l){x,w)il;{y,z) - (j){x,z)ip{y,w) 

+ cj){y,z)^/j{x,w) ~ (l){y,w)^/j{x,z)} . 

(This has a different normalizing constant than the usual Kulkarni-Nomizu prod- 
uct). These tensors arise naturally. If L is the second fundamental form of a 
hypersurface M in M'"+-'^, then 

Rm = LAL. 

Define: 

tv{V,{;-)) :=ker{pi4}na(^), 

(3.c) fid ®7rs ('S')ijfe; := Sijkl + 2i_Skjil + Sikjl — Sljik ~ Sujk}, 

W := ^.i' A {; •) - („_;Sa_,) (-, •) A (, •) . 

Theorem 3.2. 

(1) Let R € (^"^V* satisfy Equations jJ.cj) and ifj.rfj) . Then Equations i)_?.e|) and 
jl.j}) are equivalent. 

(2) The maps id ®7rs and pu define GL(V) and 0{V, {■,■)) equivariant short 
exact sequences, respectively, 

^ a{V) v{vf-^^'A^{V*) ® S^iV*) ^ 0, 
^ roiV, (•, •)) ^ a{V)^S^{V*) ^ . 

which are equivariantly split, respectively, by the maps fXidgiTrs cind <Ja,pii,- 

(3) This gives an 0{V, (■, ■)) equivariant decomposition of 

a{V)^xo[V, {■,■)) © Sl{V\{-,-)) © m 
as the direct sum of irreducible 0{V, {■, •)) modules where 

dim{tr(V", (•, •))} = ^m{m + l){m + 2)(m - 3), dim{M} = 1, 

dim{5'2(F*, (•, •))} = - 1)(to + 2), dim{a(V^)} ^ ^m^{m^ - 1) . 
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Proof. It is immediate that (II. c|) and Hl.e|l imply Equation l\l.t\ . Conversely, sup- 
pose that Equations Hl.c|) . Ijl.d|) . and ljl.l|l hold. We use the following notation: 

-^(^1,6,6,^4) = fli, -R(6,C4,6,6) = fli + 
R{£.i,£.3,£,2,£.4) = 02, i?(6,C4,6,6) = 02 + ^2, 

We establish Assertion (1) by showing ei = 62 — S3 — 0. We compute: 

- 6, 6, ^4) + 6,^1,^4) + 6,^4) 
= i?(Ci,6,e4,6) + ^(6,e4,Ci,e3) + i?(^4,ei,6,6) 

= -ai + a2 - as + £2 - £3 = £2 - £3, 

= i?(6,6,e4,6) + ^(6,6,Ci,6) + ^(6,Ci,6,6) 

= —02 + fli + as + £1 + £3 = £1 + £3, 

o = i?(6,e3,?4,a) + ^(6,e4,e2,ei) + i?(e4,6,6,6) 

= —as — ai + a2 — £1 + £2 = -£i + £2- 

This yields the equations = £2 — £3 = £1 + £3 = ~£i + £2 from which it follows 
that £1 = £2 = £3 ~ 0; this proves Assertion (1). 
Let 5 G A2(y*) ® S'^iy*). We compute: 

{S)ijkl + o-id ®7r, {S)jikl 
— Sijkl + "^^^Skjil + Sikjl Sljik ~ Siljk) 

-\~Sjiki + ^{Skiji + 'S'jfcii — 'S'fijfc — Sjlik) — 0, 

A.;/ '^id ®7rs fcii + CTid ®7rs 

= Sijkl + \ {Skjii + fSifej; — >S';jifc — Siljk) 

^ Sjkil + \ {Sikjl + S'ji/c; — S'ifcji ~ Sjlki) 
~^Skijl + \ {Sjikl + Sfejii — >S';ifcj ~ Sklij) 

= 0. 

This shows that (TidgiTrs takes values in r(F). Let 0(5*) := crid igiTr, — S'. Then 

(3.d) a{S),jki K^fc.^i + - Sij.k - Sa,k) e I^^{V*) ® A2(F*) . 

The map a will also play a role in Section 14.31 Since id ®7rs vanishes on the space 
A2(y*) (g) A2(y*), one has that 

(id®7r,)(crid®^,(S')) = (id®7r,)(S') + (id ®7r,)a(S') = 5". 

This shows that id iSitTs is an equivariant splitting. We refer to Singer and Thorpe 
[5] or to Strichartz T. for the proof of the remaining assertions. □ 

Proof of Theorem \2.5\ (2b). Because ir is the space of Weyl conformal tensors, 

dim{tr(y, (■, ■))} = ^m,{m + l)(m - 3)(m + 2) = dimjWe} . 

Since tD(V, (•, •) is an irreducible 0(V, {■, •)) module, we may use Theorem l2.5l fl) to 
identify We = tti(F, (•,•)). □ 

Theorem 12 . II generalizes immediately to this setting: 

Theorem 3.3. Let A G o{V) be given. Regard V as a smooth manifold in its 
own right. Let be the origin of V and identify TqV = V . There exists a pseudo- 
Riemannian metric g defined on V so that Rq = A where Rq is the curvature tensor 
of the associated Levi- Civita connection. 
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Proof. Let {ci} be an orthonormal basis for V. Let Xi be the associated coordinate 
system. We define the germ of a pseudo-Riemannian metric on V by setting 

Clearly gat = .96a- As g\ToV — {■, •), g is non-degenerate near 0. One may then use 
a partition of unity to extend g to be non-degenerate on all of V without changing 
it near 0. One has 

r^ife ■= 9[^d^,dx^,dxk) = ^{dx,gjk + dx^gtk ~ dx^gij) . 

Since Tijk{0) — 0, one has 

%fc,(0) Ridx^,dx^,dx,,dx,m = {dxT.ki - dxT.kim 

= ^{dxiidx^gki + dx^gji ~ d^ig^k) - dx,{dx,gki + d^^gu ~ dxigik)}{0) 

= ^{^Ajikl ^ Ajkil + Ajilk + ^jlik + ^ijkl + ^ikjl ^ ^ijlk ^ ^iljk} 
= ^{4Aijfe; — 2Aiijk — 2Aiklj} = Aijkl ■ 

The desired result now follows. □ 

The following result was first proved by Fiedler |3] using Young symmetrizers; 
subsequently Gilkey @] established it using a direct construction and Dfaz-Ramos 
and Garcfa-Rio derived it from the Nash embedding theorem. We adopt the 
notation of Equation Ij3.b|) to define (f> A ip e a{V) for (j),ip ^ S'^{V*). 

Theorem 3.4. a{V) = Spanjji^ A G S'^{V*)}. 

We use Theorem 13. 21 to establish a slightly stronger version of Theorem 13.41 

Theorem 3.5. 

(1) If A £ <^{y), there is a finite collection of elements (j)^ G S'^iy*) such that 
Rank{0i,} = 2 and such that A = "Y^^ 0^, A (/>^. 

(2) Suppose given {p, q) with 2 < p + q < m. Let S'^^ °f '^^^ 
symmetric bilinear forms on V of signature {p, q) . Then 

a(y ) = Span^gs2 (^^. , {0 A 0} . 

Proof. Consider the following GL{V) invariant subspace of a.{V): 

h{V) := Spanjji^ A </> : G S'^{V*), Rank{(/i} = 2} . 

We apply Theorem |0] to show h{V) — a.{V). This shows that we may express any 
A G <x(V) in the form ci0i A0i + ... + Ck<t>k /\<t>k where the (pi, are symmetric bilinear 
forms of rank 2 and where the G M. By rescaling the (j)^,, we may assume that 
the Ci, = ±1. Set ai := (g) e-^ + ® and a2 '■— e-^ -I- (X) e^. We have 

(ai A ai)(ei, 62, 62, ei) = -1-1 and (a2 A a2)(6i, 62, 62, 6i) = -1 . 

Thus ai Aai — — Q!2Aq!2- Consequently, by replacing a definite form by an indefinite 
form or an indefinite form by a definite form if necessary, we can change the sign 
and assume that all the constants c^, are equal to 1. Assertion (1) now follows. 
To prove Assertion (2), we set 

b(V") := Span^gs2 (v"){0 A 0} . 

As this is a non-empty GL{V) invariant subspace of a(V^), Theorem 13.11 shows 
o(y) = b{V) as desired. □ 

4. Affine Curvature Tensors in the Algebraic Setting 
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4.1. The action of the general linear group on d{V). We adopt the notion of 
Equation (|2.a|) to define ii-{V); the geometrical significance of this subspace is given 
in Lemma IT^ 

Use Equations ( |l.g| ) and (j2.b|l to define pi4, tTq, and tTs- Let cr 7r„opi4 and (Jtt^opi4 
be as in Theorem 12.31 The following is an immediate consequence of Theorem 12.31 

Theorem 4.1. We have the following GL(V) equivariant short exact sequences 

^ diV) ^ 9l(y)™'A2(y*) ^ 0, 

which are equivariantly split by the maps (y-n^opu and ff^^^opn, respectively. This 
gives a GL(V) equivariant decomposition of 

d{v)=ii{v)®s^{v*) 

as the direct sum of irreducible GL{V) modules where 

dim{it(F)} = 



3 

-12/ 



dim{dim{5^(F*)} = ^m{m + 1), 
dim{^{V)} = "^("^-^)(2f+^rn-3) 

We use this result to generalize Theorem 13.41 to the setting at hand. We exploit 
in an essential way that the space 2l(y, (•, •)) depends non-trivially on the particular 
bilinear form which is chosen. Let G{p^q){V) be the set of non-degenerate bilinear 
forms on V of signature {p,q)- Let Q(p q^{Af) be the set of all pseudo-Riemannian 
metrics on a smooth m-dimensional manifold M of signature {p, q). If g G G{o,m) (Af) 
and if P G M, let TZ{g, P) be the curvature operator of the Levi-Civita connection 
defined by g. 

Theorem 4.2. 

(1) Ifp + q^m, then ^{V)^Sv&n^.^.^^g^^^^{%{y, {;■))]. 

(2) We have that d{TpM) = Spa.ng^g^^^^^M){T^{9, P)} ■ 
Proof. Let 

^{V) ■.= Span^.^.^^g^^ jm{V, {;■))}. 
Let * G GL{V). IfAe (•, •)), then 

**^G2t(t/, **(•,•)). 

Thus ^(V) is invariant under the action of GL{V). Since ^(V) ^ {0}, Theorem 
14. II shows exactly one of the following alternatives holds: 

(1) =ker{7r,opi4}. 

(2) «B(1/) « S'^iV*). 

(3) ^{V)^d{V). 

If (•,•) G G{p,q){V), let A(^.^.) G 2l(F, (•,•)) be the associated algebraic curvature 
operator of constant sectional curvature: 

Since pi4{A(.^.)) = (m — 1)(-, •), ^{V) ^ ker{pi4}. This eliminates the first possi- 
bility. Since m > 4, m(TO + 1) > 6. Consequently, 

dim{'B(F)} > dim{2l(F, (•, •))} = is!!^^ > niu^ = dim{S\V*)} . 

This eliminates the second possibility. Thus the third possibility holds; this proves 
Assertion (1). 

Let V = TpM. Let 50 G g^n^„i)iTpM). By Theorem lOl 
Assertion (2) now follows from Assertion (1). □ 



12 N. BLAZIC \ P. GILKEY, S. NIKCEVIC, AND U. SIMON 

4.2. Centra affine geometry. Let h £ S^{V*) and let C G S^{V*) V. Define 
TZhix, y)z := h{y, z)x - h{x, z)y, 
TZciw, v)u := C{v, C{w, u)) — C{w, C(v, u)) . 

The decomposition of Tlieorem 14.11 lias geometric significance. Let h be the cen- 
troafhne metric, let V be the induced connection, and let V* be the conormal 
connection. Then TZh is the curvature operator of both V and of V* while the 
Riemannian curvature tensor of the associated Levi-Civita connection is given by 
7^c 



Theorem 4.3 

c2/T^*\ ; _ ci2rM*\ c„„„ 



(1) Tlh e cr^.opi4'5'^(^*) and cFT^^op^S'^iV*) = Span^gs2(y.^{7^/^}. 



(2) Uc e m) and :S{V) = S^&nc^sHV')m{'^c} ■ 

Proof. Assertion (1) follows from the discussion given to establish Theoreni l4.1l We 
begin the proof of Assertion (2) by computing: 

TZc{v, w)u ~ C{w, C{v, u)) — Civ, C{w, u)) = —TZc{w, v)u, 

TZc{w, v)u + TZc(v, u)w + TZc(u, w)v ~ C{v, C{w, u)) — C{w, C{v, u)) 

+C{w, C{u,v)) — C{u,C{w,v)) + C{u,C{v,w)) — C{v, C{u, w)) 

= 0. 

Let C{ei,ej) = J2k^ij''^k where {a} is a basis for V. We show that TZc £ d{V) 
by checking: 

P34{nc)(e,,e,) = EkA^Jl''C^k' - Ca^C^k'} = 0. 

Let :— Spancg52(y.)g,v{7?.c}- For e ^ 0, let the non-zero components of 

C be given by: 

1 1 2 /-^ 1 1 3 _ 

(--21 — L-12 —'^11 — L-ai — <-^i3 —'^11 ~e. 

We have 

Pl4(7^c)(e2,e2) = EiAC!2i'C,2' - ^(^^22'} - e V . 
This shows that pii{TZc){<^2, ^2) 7^ 0. Consequently 

We also compute 

7^c(el,e2)el =Ei,„{C^2i"Cii' -Cu"C2i'}e„ 
— ^21^(711^61 — Cii^C2i^e2 — Cii'^C2i^e3 
= -e^(e2 + 63) . 

If TZc G '^Trsopi4,S'^{y*)y then 7?.c(ei, 62)61 G Span{6i,62} which is false. Thus 

The desired result now follows. □ 

4.3. The action of OiV, (•, •)) on ^(V). We can use Theorems 1^ and Ol to see 

that there is an 0{V, (•, •)) equivariant orthogonal decomposition of 

fiV,{;-)) « ^iV,{;-))(BR®S^{V*,{;-)) 

© S^{V*,{-,-))®A-'^{V*)®W7 0Ws 

is a direct sum of 7 irreducible 0{V, (•, •)) modules. Since Sq{V*, (•, •)) is repeated 
with multiplicity 2, the decomposition is not unique. 

We now make this decomposition a bit more explicit to identify the factors PF7 
and Wg. We adopt the notation of Equation H3.a|l and let id(8>7rs symmetrize the 
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last two components of T e ^"^V* . Let ai^^T:^ be the splitting of Equation 1)3. c|l . 
Finally, let a be the map of Equation l|3.d|) . 

Lemma 4.4. We have an 0{V, (•, •)) equivariant short exact sequence 

a{V) ^ f(l/, (•, .)f-^^A^V*) ® S^oiV*, {; •» ^ 

which is equivariantly split by the map aid i^tts • 

Proof. Let F e f{V, (•, ■)). We have 

{id(^TTs){F){x,y,z,w) = ^{F{x,y,z,w) + F{x,y,w, z)}, 

{id(E)'Ks){F) = 4=> F{x,y,z,w) — ~F{x,y,w,z)\lx,y,z,w£V. 

This implies F e a{V). Conversely, if e a{V), then P34(F) = and (id ®tIs)F = 
and hence F e f(y, (•, •)). Thus 

ker{id07r,} nf(y, (•,■)) =a(l^). 

Furthermore 

P34(i^) = (id®Tr)((id®7r,)^^) 

and consequently (id(g)7rs) takes values in A^(F*) (g) S'o(V^*, (•, •))■ 

In the proof of Theorem 13.21 we showed that aid^Tr, takes values in v{V) and 
that (id®7rs)<Tid®7r, is the identity on A^{V) S^{V*). Thus cridgXeS' £ f(y", (•, ■)) 
if and only if 5" £ A^{V*) «> S^{V*, (•, •)). □ 

This shows that 

f{V, {; •)) « a(F) © A^{V*) ^2(1^*, so 

A2(F*) S'2(F*, (•, •)) « (•, •)) © A^V*) (BWt^Ws. 

We therefore study A'^{V*)(E)S'^{V*) as an 0(V, (•, •)) module and identify the copies 
of A^{V*) and S^iV*, (•, •)) in A^V*) Cg) 5o^(V^*, (•, •)). Let 

eeA^{V*)^S^{V*, {;■)), ^^eS^{V*, {;■)), coeA^V*). 
Let S be as in Equation (|l.r|l . Define: 

7ri,s(e)j7c := (7rs(pi4^))j7c = 5 Eii + &ikji}^ 

7ri,a(6)jfe := (7ra(pi46'))jfe = ^J2il^''{Qijkl - Qrkjl}, 

'^A{'S))ijkl ■= ^(©fcjii + Qikjl — Qljik — 'diljk), 

^7ri,,(V')iifei ^{^ili^jk - '^jllf^ik + SifeV'ji - SjfeVii}: 

^TTi, a{^)ijkl ■= rrJ'-i ^'^il^i^ + ^ik^^jl — ^jl^ik — ^jk^il + ^^ij^kl} , 

<Jiif,{&)ijkl '■— ■^{'dkjil — Qkijl), 

AliA^V*)) := {e : 0,,^ - ~QJ^kl = -QkUj, E^l ^'Q^,kl = O}, 
e{V, {; •)) ker{7ri, J n ker{^i,4 n ker{^A} n A^{V*) ® S^iV*, (•, •)). 

Lemma 4.5. We /laue 0(V, (•, •)) equivariant short exact sequences 

^ ker{7ri,,} ^ A\V*) <S> S^V*, (•, •))^5o^(T/*, (•, •)) ^ 0, 
ker{7ri,a} ^ A2(F*) ® S^{V*, (■, •))^A2(T/*) ^ 0, 
^ ker{7ri, J n ker{7rA} ^ ker{^i,J^A2(A2(V^*)) ^ . 

These sequences are equivariantly split, respectively, by a-^-^ ^, a^i and (Thk- This 
gives an 0{V, (•, •)) equivariant decomposition 0/ 

A\V*) ® Sl{V\ {; •)) « S^oiV*, {; •)) © A\V*) © Ag(A2(F*)) © e{V, (■, •)) 
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as the direct sum of irreducible 0{V, (•, ■)) modules where 
dim{5g(T/*,(.,.))}^ <"'-^)i"+^) , 



dim{A2(y*)} = •^nk^H^ 



dim{A2(A2(F*))} = 'n(m-l)(m-3)(m+2) ^ 
dim{e(y, (•, •))} = ('»-l)("^-2K"^+l)("^+4) ^ 

dim{A2(y*) ® Sl{V\ (■, •))} = '"("'-I)' ("'+2) . 
We have Wg « Ag(A2(T/*)) and W^ « 6(F, (•, •)). 

Proof. It is clear that tti^s takes values in S'^(y*). Let S be as in Equation p.r|l . 
We show that tti^^ takes values in 6*0(1/*, (•, •)) by checking: 

ijkl ^ ^ ^zjfc^ — l^ijkl ^ ^ '-'ji/A; 

= - s^'^s^'e.,,, = - Tr{^i,,(e)} . 

It is clear that crTri,^ takes values in A^(V^*) (g) S'^{V*). We verify that cr^j , takes 
values in A^(V^*) (g) 5o(t/*, (•, •)) by checking the trace condition: 

= m {"^i* - V'lj + V'ii - V'lj } = . 

We check that 0-7^ ^ is a splitting by verifying: 

+mipkj - ipkj + ij-'k] - ^kj TrlV-}} 

Clearly 7ri,a takes values in A'^{V*) and ct^tj^ takes values in A^(F*) 
We check the trace condition by computing: 

{(id®Tr)K,„H)},, 

X^fei ^'^^{'^il^jk + ^ik^jl — '^jl^ik — '^jk^il + -^^ij'^kl} 



rn^ —4 

m 

= ^^(-4+ i-TO)cj,, = 0. 
To check (77^ „ is a splitting, we compute: 

7ri,a(0'7ri,„('^))j7c 

— SizWfej — EijUJki + '^ki^ij + "^kj^ii ~ ;^'^ifcSj7} 

= IT^^i'^^jk + ^]k - ^jk + ^t^/cj - mwfej- - cjfej + uJkj ~ ^^jk] 

Let S e ker{7ri,a} n {A'^iy*) (g) S^{V*, (•, •))}. To check that tta takes values in 
Ag(A2(F*)), we compute: 

T^h{S)ijki = \{Skjii + S'ifcjj — S'jjifc — Siljk), 

T^A{S)jikl — \[Skijl + S'jfcii — Slijk — Sjlik) = —TTA{S)ijkl, 

T^A{S)kiij — ■^{Siikj + Skiij — Sjiki — Skjii) — —TrA{S)ijki, 

piA{T^A{s))jk = \ ^^''{Skjii + Sikji — Sijik — Siljk} 

= {\pZi{S)+ni,a{S)]jk=Q. 
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Let T G A§(A2(T/*)). To check a^^ takes values in A^{V*) (g) S'^(F*, (•, •)), we 
compute: 

(^Trf,{T)ijkl = \{Tkjil — Tkijl), 

<^TrA{T) jikl — \{Tkijl — Tkjil) = —CFTrA{T)ijkU 

'^7TA{T)ijik = ^{Tijik ~ Tiijk) = ^{Tjku — Tikij) 

~ ^C^kjil ~ Tkijl) — <^TTA{T)ijlk, 

J2ki S'''cr^A(^)iifei = 5 T.ki S"(Tfcjji - Tkijl) = . 
Finally, we verify that cr^^ is a splitting by computing 

{7rA(CT^A {T))}ijki 

— \{^TTA{T)kjil + 0'TTA{T)ikjl — Cr-lTA{T)ljki — CT j^{T) Hkj) 

— \{Tijki — Tikji + Tjkii — Tjiki — Tkjii + Tkiji — Tkiij + Tknj) 
= Tijki ■ 

We compute dimensions: 

dim{A2(T/*)} ^ im(m- 1), 

dim{A2(A2(\/*))} = i{im(m - l)}{im(m - 1) - 1}, 
dim{A2(A2(F*))} = dim{A2(A2(F*))} - dim{A2(F*)} 

= ^{^m{in — l)}{im(TO — 1) — 1} — ^m{m — 1) 

= {\m{m~\)}{\m{m-\) -\-\\ 

— i{m(TO — l)}{TO(m — 1) — 6} = im(m — \)(rn — 3)(m + 2) 
= dimjWs} 

and 

dim{6(t/, (■, ■))} 
= dim{A2(l-*) ® ^.^ _ dim{A2(A2(y*))} 

^ dim{5o2(F*,(,.))}-dim{A2(T/*)} 

= dim{A2(V-*) ® 5„2(l-*, (•, •))} - dim{A2(A2(F*))} - dimj^^^^*^ ^.^ 

m(m— l)(m— l)(m+2) m(m— l)(m(m — 1)— 2) (rn — l)(m+2) 

~ 4 8 2 

= 22^{2m(m - l)(m + 2) - m(rn - 2)(to + 1) - 4(m + 2)} 

^ (m-l)(m-2Kr»+l)(m+4) ^ dimjM^y} . 

The remaining assertions now follow from Theorem 12.51 iW. this also establishes 
Theorem ESI (2c). □ 

As an immediate consequence, we have 

Theorem 4.6. 

(1) There is an 0(V, (•, •)) equivariant orthogonal decomposition of 

S{V) « f(F) ^Wi®W2®W4(BW5®W6®W7®Ws 

as the direct sum of irreducible 0(V, (•, •)) modules where: 

diin{Wi} = 1, dim{iy2} = dim{M^5} = 

dim{W4} = dim{W6} = "('»+i)('^-3)(m+2) ^ 

dim{T4^7}^ (m-l)(m-2Km+l)(m+4) ^ dimjW^s} ^ 1) (^^-3) (^+2) ^ 

(2) There are the following isomorphisms as 0{{-,-)) modules: 

(a) Wi ^R,W2-W5- S^{V*, (•, •)), and W4 « A2(y*). 

(b) Wg « tf(V, (•, •)) is the space of Weyl conformal curvature tensors. 

(c) T^7 ~ e(y, (■, ■)) arid W's « A2(A2(y*)). 
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5. The proof of Theorem 13. II 

Let b be a non-empty subspace of o(V^) which is invariant under the action of 
GL{V). We must show that b — a{V). Choose a positive definite inner product (•, •) 
on V. Then b is invariant under the action of 0(V, (•, •)) as welL Let TTm, ttq, and 
ttr be the projections on the appropriate module summands in the decomposition 
of TheoremEl(3); 

MR) ■■= r{pi4{R)), MR) ■■= PiiiR) - 7^r{p,i{R)){; •), 

TTro (R) := R- aa^pii (puiR)) where 

-a,p.. W A (, .) - ,„,_\%i_,, {-, ■) A {; ■) • 

Since 0{V, (•, •)) is a compact Lie group acting orthogonaUy, the projections are 
orthogonal projections. Furthermore: 

^„(b)^{0} ^ ro{V,{;-))cb, 
Mb)^{0} ^ a,,p,AS'o{VA-)))Cb, 
Mb)^{0} ^ C b. 

Let {ci} be an orthonormal basis for V. Let {A.;} be distinct positive constants. 
Define 9 G GL{V) by setting: 

9(e,;) = XiCi . 

Suppose 7rR(b) ^ {0}. The component corresponding to R in a{V) is generated 
by A := (•, •) A (■, •). Consequently A G b; the non-zero components of Q*{A) and 
pu{Q*{A)) are, up to the usual Z2 symmetries and modulo a suitable normalizing 
constant which plays no role, given by 

e*(A)(e.,e„e„e.) = A2A^2 and Pi4(e*(A))(e„ e,) = A? E,^, Af . 

This shows the projection of <d*{A), and hence of b, on So{V* , (•, •)) is non-zero. 
Let Ai be the algebraic curvature tensor whose only non-zero component, up to the 
usual Z2 symmetries, is Ai(ei, e2, 62, ei). As b is closed, we show that Ai e b by 
taking the limit 

Ai^l, A2->1, Aj->0forj>3. 
As {Ai — aa,p^^{pi4{Ai))}{ei, 63, 63, ei) ^ 0, one has 7rm(b) 7^ 0. We summarize: 

Mb)^0 ^ b = aiV). 

Suppose 7ro(b) ^ 0. Then CT„,p, JS'2(1/*, (■, ■))) C b. Define V G Si{V*, (•, •)) with 
non-zero components 

V'(ei,ei) = l, -0(62,62) = 1, and V(e3,e3) = -2. 

Let A — CTa.pi4(V') = -^^^"^ A (•, •) e b. We compute: 

e*(A)(ei,ej,efe,6/) = XiXjXkXi:;^{ipiei,ei)Sjk + '4'iej,ek)Sti 

-tlj{ei,ek)Sji - ^p{ej,el)S^k}, 
T(pi4(e*(A))) = -^^^_^.eM(e„6„6„e.) 

This is non-zero for generic values of A. This shows 7rR(b) ^ {0}. Combining this 
result with the result of the previous paragraph yields: 

Pi4(b)^{0} b = a{V). 

Finally, suppose 7rn,(b) 7^ 0. Then lTi(V, (■, •)) C b. Let A G a be defined with 
non-zero components, up to the usual Z2 symmetries, by 

A(ei, 63, 64, ei) = -1-1 and A(62, 63, 64, 62) = -1 . 
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Then pi4(A) = so A e tv{V, (•, ■)). We have 

e*(A)(ei,e3,e4,ei) = A1A3A4 and e*(A)(e2, 63, 64, 62) = A2A3A4 . 

Thus Pi4(6*(^))(e3,e4) = A3A4(Af - A^) ^ 0. Since pi4e*{A)) ^ we may 
conclude that b — a{V). □ 
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